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Abstract
In this paper we investigate Hankel operators H
f
: A2m → A2m⊥ with anti-holomorphic symbols
f = ∑∞k=0 bkzk ∈ L2(C, |z|m), where A2m are general Fock spaces. We will show that Hf is not
continuous if the corresponding symbol is not a polynomial f =∑Nk=0 bkzk . For polynomial sym-
bols we will give necessary and sufficient conditions for continuity and compactness in terms of N
and m. For monomials zk we will give a complete characterization of the Schatten–von Neumann
p-class membership for p > 0. Namely in case 2k < m the Hankel operators Hzk are in the Schatten–
von Neumann p-class iff p > 2m/(m−2k); and in case 2k m they are not in the Schatten–von Neu-
mann p-class.
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In [12] Hankel operators with the special symbols zk , k ∈ N, have been considered.
Here we try to generalize these investigations in order to obtain more insight for general
anti-holomorphic symbols f =∑∞k=0 bkzk ∈ L2(C, |z|m), m ∈ N, where
L2m := L2
(
C, |z|m)= {g measurable: ‖g‖2m :=
∫
C
∣∣g(z)∣∣2e−|z|m dλ(z) < ∞}
and A2m is the corresponding subspace of entire functions:
A2m := A2
(
C, |z|m)= {g entire: ‖g‖2m :=
∫
C
∣∣g(z)∣∣2e−|z|m dλ(z) < ∞}.
For convenience we sometimes abbreviate L2(C, |z|m) by L2(|z|m) and A2(C, |z|m)
by A2(|z|m). The subspaces A2m are weighted Bergman spaces with weight function
exp {−|z|m}, norm ‖ · ‖m and associated inner product
〈f,g〉m :=
∫
C
f (z)g(z)e−|z|m dλ(z),
where dλ denotes the Lebesgue measure in C ∼= R2. The expressions
cn,m =
〈
zn, zn
〉
m
=
∫
C
∣∣zn∣∣2e−|z|m dλ(z) = ∥∥zn∥∥2
m
, n,m ∈ N,
are the so-called moments. We denote the spaces A2m general Fock spaces and A22 is the
classical Fock space. Remember that the Hankel operator with symbol f =∑∞k=0 bkzk ∈
L2(C, |z|m) is given by
Hf (h) = (Id − P)(f h),
Hf = (Id − P)(f ) :A2m → A2⊥m ,
where P : L2m ⊥−→ A2m denotes the Bergman projection, which has the following integral
representation:
P(g)(w) =
∫
C
g(z)Km(w, z)e
−|z|m dλ(z), ∀g ∈ L2(C, |z|m).
Here Km(w,z) is the reproducing kernel, the so called Bergman kernel, which is given by
Km(z,w) =
∞∑
k=0
φk,m(z)φk,m(w),
where {φk,m}∞k=1 is any complete orthonormal system of A2m.
Most results about Hankel operators only deal with essentially bounded symbols ψ . In
that case it is well known, that the Hankel operators are bounded with ‖H ‖ ‖ψ‖∞.ψ
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Hilbert–Schmidt or p-Schatten–von Neumann class were investigated. For some details
on this we refer the reader to [2,14,15]. There has been some work on Hankel operators on
weighted Bergman spaces (see [1,6,9,10]).
For a general introduction in the field of compact operators and for the p-Schatten–
von Neumann class we refer the reader, for example, to [11]. Later on Hankel operators
with monomial-symbols zk were studied also on weighted Bergman spaces, especially on
generalized Fock spaces—see [12].
It should be also mentioned that there is the following connection between Hankel op-
erators and the ∂-Neumann problem: the canonical solution operator S to ∂ is a Hankel
operator of the form S = (Id − P)z = Hz; if S is restricted to Bergman spaces, or more
generally to holomorphic (0, q)-forms. For more details we refer the reader to [3,4,7,8,13].
2. Hankel operators with general anti-holomorphic symbols
Let Hf be the Hankel operator with general anti-holomorphic symbol f , i.e., f is poly-
nomial or more generally a power series f =∑∞k=0 bkzk ∈ L2(|z|m).
Then the following problem arises: if h ∈ A2(|z|m), then it is not clear that f h ∈
L2(|z|m). Even the multiplication with zn is only densely defined as an operator from
L2(|z|2) to L2(|z|2),∀n ∈ N.
Example. h =∑∞k=1 akzk with |ak|2 = 1k2k! . A calculation shows
‖h‖22 ∼
∑
k
1
k2
,
∥∥znh∥∥22 ∼∑
k
(n + k) . . . (k + 1)
k2
>
∑
k
(n + k) . . . (k + 3).
So h ∈ L2(|z|2), but znh /∈ L2(|z|2), ∀n ∈ N, n = 0.
In this section we investigate continuity of the Hankel operators Hf . In the following we
will show that there are no continuous Hankel operators with anti-holomorphic symbols if
the corresponding symbol is not a polynomial. Let {en = zncn,m : n ∈ N} be the natural basis
of A2m and cn,m the moments corresponding to m. We will suppress the dependence of cn,m
on m and will simply write cn. In the following we will assume that
f en ∈ L2
(|z|m)
in order to ensure that Hf (en) can be defined in a suitable way. Clearly Hf (en) = f en −
P(f en).
The following proposition calculates Hf (en) = f en − P(f en) directly.
Proposition 1. Let f =∑ bkzk ∈ L2(|z|m). Then we havek
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zn
cn
− P
(
f
zn
cn
)
= f z
n
cn
−
∑
kn
bk
cn
c2n−k
zn−k.
Proof. Note that
P(f en)(z) = 1
cn
P
( ∞∑
k=0
bkz
kzn
)
= 1
cn
∞∑
l=0
〈 ∞∑
k=0
bkz
kzn
∣∣∣ el
〉
el = 1
cn
∞∑
l=0
∞∑
k=0
bk
c2l
〈
zn
∣∣ zl+k 〉zl
= 1
cn
∑
l=n−k
∑
k=n−l
bk
c2l
c2nδn,l+kzl =
1
cn
∑
kn
c2n
c2n−k
bkz
n−k. 
Now we calculate the norm of Hankel operators in terms of the moments ck and the
coefficients bk :〈
Hf
(
zn
cn
) ∣∣∣∣Hf
(
zm
cm
)〉
=
〈
f
zn
cn
−
∑
kn
bk
cn
c2n−k
zn−k
∣∣∣∣ f zmcm −
∑
lm
bl
cm
c2m−l
zm−l
〉
=
〈
f
zn
cn
∣∣∣∣ f zmcm
〉
+
∑
kn
∑
lm
bkblcncm
〈
zn−k
c2n−k
∣∣∣∣ zm−lc2m−l
〉
−
∑
lm
blcm
〈
f
zn
cn
∣∣∣∣ zm−lc2m−l
〉
−
∑
kn
bkcn
〈
zn−k
c2n−k
∣∣∣∣ f zmcm
〉
.
For f =∑∞k bkzk and n = m we have∥∥∥∥Hf
(
zn
cn
)∥∥∥∥
2
=
∥∥∥∥f zncn
∥∥∥∥
2
+
∑
kn
bkbkc
2
n
∥∥∥∥zn−kc2n−k
∥∥∥∥
2
−
∑
kn
bkcn
〈
f
zn
cn
∣∣∣∣ zn−kc2n−k
〉
−
∑
kn
bkcn
〈
zn−k
c2n−k
∣∣∣∣ f zncn
〉
=
∑
k
|bk|2
c2n+k
c2n
+
∑
kn
|bk|2 c
2
n
c2n−k
− 2
∑
kn
|bk|2 c
2
n
c2n−k
=
∑
kn
|bk|2
[
c2n+k
c2n
− c
2
n
c2n−k
]
+
∑
k>n
|bk|2
c2n+k
c2n
.
So we can conclude the following characterization.
Proposition 2. Let f =∑∞k bkzk ∈ L2(|z|m). Then the Hankel operator Hf :A2m → A2⊥m
is bounded if and only if there exists a constant C such that
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kn
|bk|2
[
c2n+k
c2n
− c
2
n
c2n−k
]
+
∑
k>n
|bk|2
c2n+k
c2n
< C, ∀n ∈ N.
Note that in case of polynomials f = ∑Nk bkzk the formula of the norm reduces for
n > N to∥∥∥∥Hf
(
zn
cn
)∥∥∥∥
2
=
N∑
k
|bk|2
[
c2n+k
c2n
− c
2
n
c2n−k
]
=:
N∑
k
|bk|2an(k). (1)
In this case we have only to investigate a finite sum of an(k). In the next section we
will give explicit, necessary and sufficient conditions for boundedness and compactness of
Hankel operators with polynomial symbols on generalized Fock spaces.
One result will be the following: if k is large enough, i.e., if 2k > m, then an(k) → ∞
for n → ∞. Consequently boundedness is only possible for polynomial symbols.
3. Hankel operators with polynomial symbols on generalized Fock spaces
We recall (Eq. (1)) that in case of polynomials f = ∑Nk bkzk the formula of the norm
simplifies in case n > N to
∥∥∥∥Hf
(
zn
cn
)∥∥∥∥
2
=
N∑
k
|bk|2
[
c2n+k
c2n
− c
2
n
c2n−k
]
.
So we have to investigate the asymptotic behaviour of
an = an(k) :=
c2n+k
c2n
− c
2
n
c2n−k
for n → ∞.
Example. On the Fock space A2(C, |z|2) the moments are given by c2n ∼ n! and so we have
an = (n + k)!
n! −
n!
(n − k)! .
Consequently for polynomial-symbols f = ∑Nk=0 bkzk the Hankel operators Hf are
bounded in case N = 0,1; but in case N  2 they are unbounded. To see this we note
that an(0) = and an(1) = 1, for all n 0. Furthermore, for k  2 the coefficient an(k) is a
polynomial of degree k − 1 with leading coefficient equal to
k∑
j=1
j +
k−1∑
j=1
j = k2.
There is also a more direct way to see that the operators Hzk are not bounded on the
Fock space for k > 1. If kw denotes the normalized reproducing kernel on the Fock space
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by w (so τw(z) = z +w), the formula
‖Hf kw‖2 =
∥∥f ◦ τw − f (w)∥∥2,
is valid for analytic functions f such that f kw ∈ L22, in particular for all polynomials f .
Since the functions kw have unit norm, a necessary condition for boundedness of Hf on
the Fock space is that the norms ‖f ◦ τw − f (w)‖2 are uniformly bounded. If f (z) = zk
and n 2, then it is easily to see that∥∥f ◦ τw − f (w)∥∥2 =
∫
C
∣∣(z + w)k −wk∣∣2e−|z|2 dλ(z) → ∞
as |w| → ∞, so that the operator Hzk is unbounded for k > 1.
Remark. Proposition 2 in [12] also considers the sequence an. However, [12] only consid-
ers the case 2k < m. In this case an can be written in the form
an = b1,n(1 +E1,n)− b2,n(1 + E2,n).
Here E1,n and E2,n are the error terms due to the usage of Stirling’s formula and we
furthermore have b1,nE1,n → 0 and b2,nE2,n → 0 as n → ∞ in the case of [12]. There-
fore, we did not have to compute the precise form of the error terms in [12]. In order to
investigate the asymptotic behaviour of the sequence an for all values of m we cannot omit
the corresponding error terms, because it is no longer obvious that they can be neglected.
Let us recall that on generalized Fock spaces
A2
(
C, |z|m) :={f entire: ‖f ‖2m :=
∫
C
∣∣f (z)∣∣2 exp{−|z|m}dλ(z) < ∞}
the moments are given by
c2k = c2k,m =
∫
C
|z|2k exp{−|z|m}dλ(z) = 2π
m
Γ
(
2k + 2
m
)
,
where Γ = Γ (x) = ∫∞0 tx−1e−t dt , x > 0, is the Gamma function. We remember of Stir-
ling’s formula with error term (compare [5])
Γ (x + 1) = xxe−x√2πx
(
1 + 1
12x
+ 1
288x2
+O3
)
,
where Ok :=O(1/nk) are the so-called Landau symbols.
The following proposition determines the limiting behavior of the sequence an =
c2n+k/c2n − c2n/c2n−k .
Proposition 3.
an =
c2n+k
c2
− c
2
n
c2
≈ C(k,m)n 2km −1,n n−k
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C(k,m) =
(
2
m
) 2k
m 2k2
m
.
Proof. Using Stirling’s formula it is easy to verify that
Γ (x + 1 + p)
Γ (x + 1) ∼ (x + p)
p as x → ∞.
Thus
an =
Γ ( 2n+2k+2
m
)
Γ ( 2n+2
m
)
− Γ (
2n+2
m
)
Γ ( 2n−2k+2
m
)
∼
(
2n+ 2k + 2
m
− 1
) 2k
m −
(
2n+ 2
m
− 1
) 2k
m
as n → ∞. (2)
It follows from Eq. (2) that an → 1 as n → ∞ if 2k = m and an → ∞ as n → ∞ if
2k > m. Also, if 2k < m, then it is easy to show that Eq. (2) implies that
ak ∼
(
2k
m
)2( 2
m
) 2k
m
−1
n
2k
m
−1 as n → ∞.  (3)
So we can conclude the following theorems.
Theorem 1. Let Hf be a Hankel operator with symbol f =
∑∞
k=0 bkzk ∈ L2(|z|m), which
is not a polynomial. Then the Hankel operator
Hf = (Id − P)f :A2
(
C, |z|m)→ A2(C, |z|m)⊥
is unbounded.
Theorem 2. Let Hf be a Hankel operator with polynomial-symbol f =
∑N
k=0 bkzk . Then
in case 2N m the Hankel operators
Hf = (Id − P)f :A2
(
C, |z|m)→ A2(C, |z|m)⊥
are bounded; and in case 2N > m they are unbounded.
Proof of Theorem 1. We recall that for symbols f = ∑∞k bkzk ∈ L2(|z|m) the Hankel
operator Hf : A2m → A2⊥m is bounded if and only if there exists a constant C such that∥∥∥∥Hf
(
zn
cn
)∥∥∥∥
2
=
∑
kn
|bk|2an(k) +
∑
k>n
|bk|2
c2n+k
c2n
< C, ∀n ∈ N.
In case that the power series symbol f is not a polynomial we have n with 2n > m.
Consequently we have k with 2k > m. And with Proposition 3 we have an(k) → ∞ for all
k with 2k > m. So clearly H is not bounded. f
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∥∥∥∥Hf
(
zn
cn
)∥∥∥∥
2
=
N∑
k
|bk|2
[
c2n+k
c2n
− c
2
n
c2n−k
]
=
N∑
k
|bk|2an(k)
and so with Proposition 3 we get the result. 
Now we consider compactness conditions of Hankel operators Hf with symbol f =∑N
k bkz
k on generalized Fock spaces A2(C, |z|m). We will need the following proposition
for the further investigations.
Proposition 4. Let f = ∑Nk=0 akzk and n, r ∈ N with n > r . Then in case n − r > N we
get
Hf
(
zn
)⊥ Hf (zr).
Proof. We have〈
Hf
(
zn
cn
) ∣∣∣∣Hf
(
zr
cr
)〉
=
〈
f
zn
cn
∣∣∣∣ f zrcr
〉
+
∑
kn
∑
lr
bkblcncr
〈
zn−k
c2n−k
∣∣∣∣ zr−lc2r−l
〉
−
∑
lr
blcr
〈
f
zn
cn
∣∣∣∣ zr−lc2r−l
〉
−
∑
kn
bkcn
〈
zn−k
c2n−k
∣∣∣∣ f zrcr
〉
.
Clearly −N  k, l, k − l N < n − r and so by using δn−r,k−l , δn−r,−l and δn−r,k we
get Hf (z
n) ⊥ Hf (zr). 
So we can conclude the following.
Corollary 1. Let f =∑Nk=0 akzk . Then for all n, r ∈ N with n− r > N , r > N we get∥∥Hf (en)−Hf (er)∥∥2 = ∥∥Hf (en)∥∥2 + ∥∥Hf (er)∥∥2
=
N∑
k
|bk|2
[
c2n+k
c2n
− c
2
n
c2n−k
]
+
N∑
k
|bk|2
[
c2r+k
c2r
− c
2
r
c2r−k
]
=
N∑
k
|bk|2
[
an(k) + ar(k)
]
.
Theorem 3. Let f =∑Nk bkzk . Then in case 2N < m the Hankel operators
Hf = (Id − P)f :A2
(
C, |z|m)→ A2(C, |z|m)⊥
are compact and in case 2N = m the Hankel operator H fail to be compact.f
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∥∥Hf (en)−Hf (er)∥∥2 =
N∑
k
|bk|2
[
an(k)+ ar(k)
]
and with Proposition 3 we have for 2k = m = 2r that an(k), ar (k) → const(k,m). Conse-
quently the Hankel operator Hf cannot be compact.
In [12] compactness is shown for Hzk :A2m → A2⊥m in case 2k < m. So clearly Hf =∑N
k bkHzk is compact in case 2N < m. 
4. A complete characterization of the Schatten–von Neumann p-class membership
for p > 0
In this section we will give for the symbol zk, k ∈ N and for all p > 0 a complete
characterization of the Schatten–von Neumann p-class membership in terms of k, m and p.
Let us start with some definitions.
First we recall that a bounded linear Hilbert space operator T :H1 → H2 is called posi-
tive, if
〈T x,x〉 0, ∀x ∈ H1.
In fact this is equivalent to
T = T ∗ and σ(T ) ⊆ [0,∞),
see [11, Theorem 12.32].
Definition 1. Let H1,H2 be Hilbert spaces with a complete orthonormal system {en}n∈N
of H1. A positive operator T :H1 → H2 is in the trace class if
tr(T ) :=
∞∑
n
〈T en, en〉 < ∞.
The definition is independent of the choice of the orthonormal system. Clearly a
bounded linear Hilbert space operator T is Hilbert–Schmidt, i.e.,
‖T ‖2HS :=
∞∑
n
‖T en‖2 =
∞∑
n
〈T en,T en〉 < ∞,
if and only if the operator T ∗T is in the trace class. In that case clearly we have
‖T ‖2HS = tr
(
T ∗T
)
.
This can be generalized to the definition of the Schatten–von Neumann p-class (or the
Schatten ideal Sp):
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{en}n∈N of H1. A bounded linear operator T :H1 → H2 is in the Schatten–von Neumann
p-class if (T ∗T )p/2 is in the trace class, i.e.,
tr
((
T ∗T
) p
2
) := ∞∑
n
〈(
T ∗T
) p
2 en, en
〉
< ∞.
In that case we define ‖T ‖pp := tr((T ∗T )p/2). So by definition the Schatten–von Neu-
mann 2-class (or the Schatten ideal S2) is the ideal of Hilbert–Schmidt operators.
Now let us turn to our Hankel operators with symbol zk, k ∈ N and let us repeat some
facts from [12]. As above we abbreviate cn,m = cn.
Lemma 1. Let k,n ∈ N with n k and en(z) = zn/cn. Then
〈
H ∗
zk
Hzk en, en
〉= c2n+k
c2n
− c
2
n
c2n−k
.
Proof. This is a special case of Eq. (1). Just set f (z) = zk . 
Remark. Consequently in case 2k < m (with Theorem 3) c2n+k/c2n−c2n/c2n−k are the eigen-
values of the compact and self-adjoint Hilbert space operator H ∗
zk
Hzk with eigenvectors
en(z) = zn/cn.
Theorem 4. Let p > 0 and 2k < m. Then the Hankel operator Hzk :A2m → A2⊥m is in the
Schatten–von Neumann p-class if and only if
∞∑
n=k
(
c2n+k
c2n
− c
2
n
c2n−k
) p
2
< ∞.
Proof. In case 2k < m with Theorem 3 the Hankel operator Hzk is compact and so the
operator H ∗
zk
Hzk has the form
H ∗
zk
Hzk (g) =
∞∑
n=0
λn,k〈g, en〉en.
Consequently〈
H ∗
zk
Hzk en, en
〉= λn,k
and with Lemma 1,
∞∑
n=k
λ
p
2
n,k =
∞∑
n=k
〈
H ∗
zk
Hzk en, en
〉 p
2 =
∞∑
n=k
(
c2n+k
c2n
− c
2
n
c2n−k
) p
2
. 
In case of the Fock space (m = 2) for all k  1 the sequence
W. Knirsch, G. Schneider / J. Math. Anal. Appl. 320 (2006) 403–414 413an(k) =
c2n+k
c2n
− c
2
n
c2n−k
= (n+ k)!
n! −
n!
(n − k)!
does not even tend to 0. So we can conclude the following.
Corollary 2. Let p > 0. On the Fock space the Hankel operators
Hzk : A2
(
C, |z|2)→ L2(C, |z|2)
are not in the Schatten p-class for all k  1.
Theorem 5. Let p > 0. In case 2k < m the Hankel operators
Hzk = (Id − P)zk : A2
(
C, |z|m)→ A2(C, |z|m)⊥
are in the Schatten p-class, iff p > 2m
m−2k . In case 2k m the Hankel operators are not in
the Schatten p-class.
Proof. Use Eq. (3) to note that
∑
nk
(
c2n+k
c2n
− c
2
n
c2n−k
) p
2 ≈
∞∑
n=k
1
(n1− 2kn )
p
2
< ∞
if and only if (1 − 2k
m
)p/2 > 1, that is, p > 2/(1 − 2k
m
). 
Remark. We consider the special case of p = 2. Note that 2m/(m − 2k) > 2, so that
according to Theorem 5 the operator Hzk is not compact for every k ∈ N. This was already
shown in [12].
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